Abstract. We study the twisted Alexander invariants of fibred knots. We establish necessary conditions on the twisted Alexander invariants for a knot to be fibred, and develop a practical method to compute the twisted Alexander invariants from the homotopy type of a monodromy. It is illustrated that the twisted Alexander invariants carry more information on fibredness than the classical Alexander invariants, even for knots with trivial Alexander polynomials.
Introduction and main results
Although the classical Alexander invariants of knots in the three space have been sucessfully used as the most fundamental tools in studying various problems, it is also well known that they are not sharp enough in many cases. One approach to overcome this limitation is to consider the twisted Alexander invariants, which were first defined in the works of Lin [13] , Wada [16] , and Jiang and Wang [8] , and subsequently studied by several authors including Kitano [11] and Kirk and Livingston [9] , [10] .
A common but important question is how a particular geometric property is reflected on the twisted Alexander invariants, and, furthermore, whether it gives more information on the geometric property than the classical Alexander invariants. In the remarkable work of Kirk and Livingston [9] , [10] , they introduced a natural topological definition of the twisted Alexander polynomial, which turned out to be an important innovation for this purpose. For a surjection of the fundamental group π of a complex X onto Z and a representation of π over a field F , they defined the twisted Alexander module to be a specific twisted homology group of X, which is a module over the principal ideal domain F [Z] , and defined the twisted Alexander polynomial to be a polynomial representing the order of (the torsion part of) the twisted Alexander module. Some known results on the Alexander polynomial were extended to the twisted case. In particular, they obtained a knot slicing obstruction from the twisted Alexander polynomials associated to specific representations of fundamental groups of prime power fold cyclic branched covers, by relating them with the Casson-Gordon invariants, and illustrated that the obstruction detects nonslice knots with Alexander invariants of slice knots.
The aim of this paper is to study the twisted Alexander invariants of fibred knots along the same lines. We establish necessary conditions on the twisted Alexander invariants for a knot to be fibred, which can be viewed as a generalization of the well-known fact that the Alexander polynomial of a fibred knot is monic, i.e., the coefficients of the highest and lowest degree terms are units. For this purpose, we generalize the approach of Kirk and Livingston for a Noetherian unique factorization domain R which is not necessarily a field. Roughly speaking, first we define the twisted Alexander ideal to be the elementary ideal of the twisted Alexander module, and then we define the twisted Alexander polynomial to be the greatest common divisor of specific generators of the elementary ideal. When R is a field, the twisted Alexander polynomial of ours coincides with that of Kirk and Livingston if the former is nontrivial. (For details, see Section 2.)
Using the above terminologies, our main result is stated as follows. Suppose that every submodule of a free module of finite rank over the base domain R is again free of finite rank. The main example to keep in mind is R = Z. Note that if R is a field, then the conclusions of Theorem 1.1 hold for any knot with a nontrivial twisted Alexander polynomial. This is the reason why we work with the twisted Alexander invariants over a domain R which is not a field.
We also develop a practical computational method. In Section 3, we illustrate a simple algorithm computing the twisted Alexander invariants of a fibred knot from (the given representation and) the homotopy type of a monodromy on a fibre surface, which can be made easier to handle by describing it as a map of a graph, or equivalently as an automorphism of a free group. Theorem 1.1 is proved using this method.
The computational method itself can also be viewed as a generalization of the fact that the classical Alexander invariants can be computed from the homology type of a monodromy. In addition, in the case of knots that are "homologically" fibred but not homotopically, it explains why there is potential room for the twisted Alexander invariants to have more information than the classical ones. The latter part of this paper is devoted to exhibit that this is indeed true by examples. This is an interesting fact from the viewpoint of the study of the twisted Alexander invariants; although, it could be shown that our examples are not fibred by some other methods if one were interested in fibredness only. In Section 4, we show that for any (possibly fibred) knot K with a nontrivial Alexander polynomial, there exist infinitely many knots having the same classical Alexander invariants as K but twisted Alexander invariants of nonfibred knots, that is, the conclusions of Theorem 1.1 are not satisfied. For this purpose, we investigate twisted Alexander invariants associated to "abelian" representations (whose images are abelian subgroups of GL n ).
In a recent work of Cochran [3] , a similar result has been proved using "higher order" Alexander modules. For knots with trivial Alexander polynomials, higher order Alexander modules have no more information than classical ones, as remarked in [3] , and so do twisted Alexander invariants associated to abelian representations, as explained at the end of Section 4. However, we exhibit an interesting phenomenon that twisted Alexander invariants associated to nonabelian representations still License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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have useful information on fibredness; in Section 5, we show that there are knots having trivial Alexander polynomials but twisted Alexander invariants of nonfibred knots.
Twisted Alexander invariants
We begin with definitions of the twisted Alexander invariants, which generalize the twisted Alexander polynomial defined in [9] . Throughout this section, we assume that R is a Noetherian unique factorization domain. Let X be a finite CW-complex andX its universal covering space. π 1 (X) acts on the left ofX as the covering transformation group. Let : π 1 (X) → s be a surjection, where s denotes the infinite cyclic group generated by s. We identify the group ring R[ s ] with the Laurent polynomial ring R[s, s
−1 ] and denote it by Λ. Suppose that π 1 (X) acts on the right of a free R-module V of finite rank via a representa-
Let C * (X; R) be the cellular chain complex ofX with coefficient R, which is a left R[π 1 (X)]-module. The twisted cellular complex of X with coefficient Λ ⊗ V is defined to be the following chain complex of left Λ-modules:
The twisted homology H * (X; Λ⊗V ) is defined to be the homology of C * (X; Λ⊗V ). We call H 1 (X; Λ ⊗ V ) the twisted Alexander module. For notational convenience, we denote it by A.
Since V is finitely generated, so is A as a Λ-module. Since R is Noetherian, so is Λ, and hence A is a finitely presentable Λ-module. Choose a presentation of A, and let n and m be the numbers of generators and relations, respectively. Let P be the n × m matrix associated to the presentation, i.e., the (i, j)-entry of P is the coefficient of the i-th generator in the j-th relation. Let D be the set of the determinants of all n × n submatrices obtained by removing (m − n) columns from P . The ideal A in Λ generated by D is called the elementary ideal of A. It is known that the elementary ideal is an invariant of the Λ-module A, which is independent of the choice of P . For a proof, see [4, p.101] . A similar argument shows that the greatest common divisor ∆ of elements of D is also an invariant of A, which is well defined up to multiplication of us n with u a unit in R. (If n > m, A = {0} and ∆ = 0 by a convention.) We call A and ∆ the twisted Alexander ideal and the twisted Alexander polynomial, respectively. Remark 2.1. The elementary ideal of a module is contained in the annihilator ideal. In particular, elements of A annihilate A. Remark 2.2. When R is a field and A is Λ-torsion, our definition is equivalent to that of Kirk and Livingston [9, §2] . In this case Λ is a principal ideal domain, and by the classification theorem of finitely generated modules over Λ, A is decomposed into a direct sum of cyclic modules i R[s, s A is contained in ∆ , however, the converse is not true if R is not necessarily a field.
Remark 2.3. Using Fox's calculus, from a presentation of π 1 (X) one can compute the boundary map C 2 (X; Λ ⊗ V ) → C 1 (X; Λ ⊗ V ). Consequently, the twisted Alexander invariants can also be computed. In [9] , this method was used as the main computational technique and was used to relate this topological version of twisted Alexander polynomial with Wada's invariants [16] . Because this method is not used in this paper, we do not proceed with further details.
Specifically, we define the twisted Alexander invariants of an oriented knot K in S 3 as follows. The first homology of the exterior E, which is obtained by removing an open tubular neighborhood of K from S 3 , is an infinite cyclic group generated by an element t such that lk(K, t) = +1. Let N be the d-fold cyclic cover of E. The image of the composition
Thus it induces a surjection : π 1 (N ) → s so that the twisted Alexander invariants of N are defined for any representation of π 1 (N ). In this paper, we will consider only representations that factor through the fundamental group of The twisted Alexander invariants of the exterior E associated to π 1 (E) → H 1 (E) = t and a representation of π 1 (E) are also useful in studying knots. This version appears in some literature including [16] , [11] , [9] , [10] , where the last two concern our version (with field coefficients) as well.
Computation for fibred knots
Let K be a fibred knot, and let M be the d-fold branched cover of K as before. In this section, we are interested in a special case of representations that factor through finite groups; we assume that a given representation ρ of π 1 (M ) is decomposed as
where φ is a homomorphism into a finite group G and G → GL(V ) is a representation in a free R-module V of finite rank. Without any loss of generality, we may assume that φ is surjective. In addition, we assume that R has the property that every submodule of a free R-module of finite rank is again free of finite rank. For example, the ring Z has this property.
We will compute the twisted Alexander invariants of K associated to ρ from a monodromy of K. Let F be a fibre surface of K and h : F → F a monodromy such that
is the exterior of K and {0} × ∂F represents a preferred longitude of K. Then the d-fold cyclic cover N of the exterior is given by
The preferred generator of the covering transformation group acts on N by [r,
. We note that any fibre surface F is connected, and so is N .
First, we need to compute π 1 (N ) and π 1 (M ). Since N can be viewed as a quotient space of [0, d] × F under an obvious identification, π 1 (N ) is expressed as an HNN-extension of π 1 (F ). An explicit description is as follows. For convenience, we may assume that h fixes a basepoint * on F by isotoping h. Then π 1 (N ) is presented as
, where h * is the endomorphism on π 1 (F ) induced by h. The map defined in the previous section is equal to the surjection π 1 
is isomorphic to the quotient group of π 1 (F ) modulo the normal subgroup generated by {z
LetF be the connected regular covering of F associated to the composition
that is, the kernel of α is equal to the image of the injection π 1 (F ) → π 1 (F ) induced by the covering projection. G acts onF as the covering transformation group. We need the following lemma, which is an easy exercise in the covering space theory. Since the author has not found a proof in the literature, we give a proof for completeness. 
, then f is lifted to a mapf :X →X which commutes with the action of covering transformations, i.e.,f τ = τf for any covering transformation τ .
Thus there is a liftf of f fixingx 0 by the lifting criterion. Let τ be a covering transformation onX. Sincefτ and τf are lifts of the same map f p, it suffices to show thatfτ(x 0 ) and τf (x 0 ) = τ (x 0 ) coincide, by the uniqueness of a lift. Letδ be a path fromx 0 to τ (x 0 ). Thenf τ(x 0 ) is the endpoint offδ. 
). It is easily checked that the orbit space is N , and the projection R×F → N is a covering projection with covering transformation group s ⊕ G. This shows that R ×F is the regular covering of N associated to the homomorphism ⊕ φi * : π 1 (N ) → s ⊕ G, where i * : π 1 (N ) → π 1 (M ) is the map induced by the inclusion.
Recall that the twisted Alexander module A ρ K is defined to be the twisted homology group H 1 (N ; Λ ⊗ V ) where Λ = R[ s ]. It is equal to the first homology of the chain complex
As an R-module, it can be viewed as the twisted homology group H 1 (R × F ; V ) = H 1 (F ; V ). Since F is a connected surface with nonempty boundary, F has the homotopy type of a graph (1-complex) with one vertex. Therefore, H 1 (F ; V ) can be computed from a chain complex
where n is the number of edges of the graph. Since The following consequence of our discussion will be useful later. and G → GL(V ) is the regular representation, all results of this section are true without the assumption that every submodule of a free Rmodule of finite rank is free of finite rank. For, in this case, the twisted homology H 1 (F ; V ) is equal to H 1 (F ; R), and hence it is always a free R-module of finite rank sinceF is a surface without closed components.
We finish this section with an example that illustrates our computational method for twisted Alexander invariants of fibred knots.
Example. Let K be the trefoil knot. There is a well-known fibre structure of the exterior of K; e.g., see [15] for a detailed description. We need only the following fact: a monodromy of K has the homotopy type of a map h on a graph B with one vertex and two oriented edges x and y, which is defined by h(x) = y −1 and h(y) = xy.
Then the fundamental group of the double branched cover M of K is given by
By simplifying relations, π 1 (M ) is a cyclic group of order 3 generated by x = y. Let ρ be the regular representation of π 1 (M ) over Z. We will compute the twisted Alexander invariants associated to ρ. By the above discussion, A π 1 (B), and by abelianizing, s · a = a − d in H 1 (B) . By computing the action on the other generators in a similar way, we obtain a matrix 
Examples using abelian representations
Suppose that K 0 is a knot with a nontrivial Alexander polynomial. In this section we prove the following using abelian representations:
Theorem 4.1. There exist infinitely many knots sharing a common Seifert matrix with K 0 but having twisted Alexander polynomials of nonfibred knots.
An immediate consequence of Theorem 4.1 is that there are infinitely many knots with the same classical Alexander invariants as K 0 but twisted Alexander polynomials of nonfibred knots, as mentioned in the introduction.
We begin with a lemma, which is a consequence of well-known classical results.
Lemma 4.2. The Alexander polynomial ∆ K0 (t) of a knot K 0 is nontrivial if and only if the first homology group of the d-fold cyclic cover of S
Proof. The order of the first homology of the d-fold cyclic branched cover is given by the resultant
where R d = 0 if the homology is an infinite group [5] , [7] , [2] . By the lemma, we can choose d such that the d-fold cyclic branched cover M 0 of the given knot K 0 has nontrivial first homology. Choose a surjection χ 0 of H 1 (M 0 ) onto a cyclic group Z r of order r ≥ 2, and choose a Seifert surface F of K 0 . From the given data K 0 , χ 0 , and F , we will construct desired knots.
We may assume that F is a handlebody with one 0-handle and s 1-handles, and by an isotopy we may assume that F is embedded in S 3 as in Figure 1 , where β is a framed (2s)-string link. By a method of Akbulut and Kirby [1] , M 0 is obtained by surgery on a Figure 2 . Furthermore, a presentation of H 1 (M 0 ) is obtained as follows. Denote meridians of components of Figure 2 , and let A be the Seifert matrix of F with respect to the generators of H 1 (F ) represented by the 1-handles. Then
is a presentation matrix of H 1 (M 0 ) with respect to {γ ij }. We claim that χ 0 (γ ij ) = χ 0 (γ i(j+1) ) in Z r for some i and j. Suppose not. Then χ 0 (γ ij ) is independent of j; let x i = χ 0 (γ ij ). Since all relations on γ ij are killed by χ 0 , we have Let K be the knot obtained by tying a knot J along the i-th handle of F so that the Seifert form is unchanged. See Figure 3 . Let M be the d-fold cyclic branched cover of K. Since the tying operation does not change the Seifert matrix, the Akbulut-Kirby method gives the same presentations of H 1 (M ) and H 1 (M 0 ), and hence there is a natural isomorphism between them. Let χ :
where the last map is the regular representation of Z r . We will investigate the twisted Alexander invariants associated to ρ. Let n be the order of χ 0 (γ ij ) − χ 0 (γ i(j+1) ) in Z r . Note that n ≥ 2. Let M J be the n-fold cyclic cover of S Actually, there exist infinitely many knots J satisfying the hypothesis of Theorem 4.3. For example, the following lemma says that the hypothesis is true for any knot J having the same Seifert matrix as that of the figure eight knot. Proof. Since A is nonsingular, H n − I is a presentation matrix of the first homology of the n-fold cyclic branched cover of J, where
an bn bn cn . (Note that H is a symmetric matrix.) Then it is easily shown that a n ≥ 5, b n ≤ −3 and c n ≥ 2 for n ≥ 2, by an induction. Since det(H) = 1, we have
Since a different choice of J produces a different knot K (e.g., by the uniqueness of the torus decomposition of knot complements), Theorem 4.1 follows Theorem 4.3. 
Let U be an unknotted solid torus in S 3 − F which links the i-th handle of F . The exterior of K is obtained from the exterior of K 0 by removing the interior of U and by replacing it with the exterior of J along the boundary. The meridian (resp. the longitude) of J is identified with a curve on ∂U which is homotopic to the core of U (resp. null-homotopic in U ). Since the linking number of U and K 0 is zero, U is lifted to the d-fold cyclic cover N 0 of the exterior of K 0 . N is obtained by removing the interiors of all lifts of U from N 0 and filling d copies of the exterior of J along the boundaries. Viewing N 0 as a subspace of M 0 , γ ij − γ i(j+1) is homologous to the core of a lift of U in M 0 . In N , the boundary of that lift bounds a copy of the exterior of J. Denote it by E J .
Let Y be the closure of N − E J . Applying the Mayer-Vietoris theorem to N = E J ∪ Y , we obtain an exact sequence
The twisted homologies of E J and ∂E J have a simple structure as follows. First we observe that (1) the linking number of U and K 0 is zero, and (2) the map χ sends the meridian of J in E J to the element χ 0 (γ ij − γ i(j+1) ), which is of order n in Z r . From the observations, the ( s ⊕Z r )-covering E J of E J is a union of infinitely many copies of the n-fold cyclic cover N J of E J and we have Remark 4.6. If one were interested in fibredness only, regardless of the relationship with the twisted Alexander invariants, then it could be shown that our example K is not fibred by a straightforward argument. In general, if a knot K has a nontrivial companion J with zero winding number, K is not fibred. For,
is an injection, and since the winding number is zero, the image is contained in the commutator subgroup [
is also not free. This shows that K is not fibred. The author thanks an anonymous referee for pointing this out.
Remark 4.7. Our construction is similar to one in [9] , which was used to illustrate that the twisted Alexander module of the complement of a knot is not necessarily Λ-torsion. The above argument shows that an analogous result holds for the twisted Alexander module of a branched cover of a knot as well; if H 1 (M J ) is free abelian, A ρ K is not Λ-torsion, since any annihilator of A ρ K annihilates Λ and hence must be zero by the proof of Theorem 4.3. This is a significant difference between the twisted Alexander invariants and the classical Alexander invariants. 
Examples using nonabelian representations
In this section we illustrate examples of knots that have trivial Alexander polynomials but do not have twisted Alexander modules of fibred knots using nonabelian representations.
For a knot J, consider the link shown in Figure 4 . Denote its components by L 1 and L 2 as in the figure. As usual, J is tied so that the writhe of the diagram is unchanged. Performing (1/1)-surgery along L 2 , the ambient space still remains S We remark that a similar construction was used to produce a knot with a given Alexander polynomial in [12] and [15, 7.C.5] . Actually, by the same arguments, it is easily seen that for any J our construction produces a knot K with a trivial Alexander polynomial.
Let M J be the 3-fold cyclic cover of S 3 branched along J. Our goal is to prove Proof. First we consider a special case where J is unknotted. Let K 0 be the knot obtained from an unknot J by the above construction. Let M 0 be the double branched cover of K 0 . Cutting S 3 along the obvious disk bounded by L 1 and pasting two copies, we obtain a surgery diagram of M 0 with two components, which is shown in Figure 5 . It is tedious but straightforward to verify that all relations are killed by φ 0 , and in addition, φ 0 is a surjection. A representation for the general case is induced by the homomorphism φ 0 as follows. Let K be the knot obtained from a knot J (not necessarily unknotted) by the above construction. Let U and V be tubular neighborhoods of the curves α and β shown in Figure 5 . Then the double branched cover M of K is obtained from M 0 by removing the interiors of U and V and by filling two copies E J and E J of the exterior of J along ∂U and ∂V , respectively. By the Seifert-van Kampen theorem, π 1 (M ) is an amalgamated product of π 1 (E J ), π 1 (E J ) and π 1 (M − (E J ∪ E J )). Let φ 1 and φ 2 be homomorphisms of H 1 (E J ) and H 1 (E J ) into A 5 which send the meridian to (243) and (253), respectively. Since φ 0 (α) = φ 0 (ab −1 ) = (243) and
